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1. INTRODUCTION

The real interpolation method of Lions and Peetre for pairs of Banach
spaces can be extended easily to pairs of quasi-Banach spaces. [A space 4
is said to be a quasi-Banach space if it has all the properties of a Banach space
with the exception of the triangle inequality which is replaced by the property:
There exists a positive constant ¢ such that, for all ae€ A and all b e A4,

ta+b! <c(all =1b))]

In contrast to this situation, the complex interpolation method of Calderdn,
Lions, and Krejn depends heavily on the fact that the underlying spaces are
complex Banach spaces. As far as interpolation methods are concerned we
refer to [I, 8). Recently, Calderén and Torchinsky described a complex
interpolation method for spaces of Hardy type, which are quasi-Banach
spaces: cf. [3, [I1.3]. As a particular case, one obtains complex interpolation
of the usual Hardy spaces in the sense of Fefferman and Stein; cf. [4] (real-
variable characterization). In his unfortunately unpublished lecture notes [6]
Peetre proved a Littlewood—Paley theorem for the Hardy spaces in the sense
of Fefferman and Stein. A statement of this result and a new proof may be
found in [9, 3.2.1]. Using that assertion, the Calderén-Torchinsky result
mentioned above can be essentially reformulated as the complex inter-
polation of the two spaces L‘;‘,O(lg) and L'f,l(l.z) of entire analytic functions of
exponential type, where 0 < p, << oc and 0 < p, <C cc. A precise definition
of the spaces L ,4(/,) with0 < p < ocand 0 < ¢ < o is given in Section 2,
Eq. (2). The aim of this paper is two fold. First (Section 2, Theorems 1 and 2),
we prove a complex interpolation theorem for two spaces L, (/, ) and L;,Uﬂl)’
where 0 <Z py < 00,0 < gy < 2,0 <p, < x,0 < g, < %, and pyig, =
p1/q; - The additional assumption py/g, = p,/q, depends on our method. We
317
0021-9045.80.040317-12502.00'0

Copyright « 1980 by Academic Press, Inc.
All rights of reproduction in any form reserved.



318 HANS TRIEBEL

conjecture that the results formulated in Theorems | and 2 are true without
this additional assumption. (A proof of these generalized theorems can
perhaps be given by a combination of the method of Calderdn and Torchinsky
[3, I, pp. 144-151] and our method.) Second (Section 3, Theorem 3), on the
basis of Theorem 2 we prove a Fourier multiplier theorem for the spaces
L,"(/,). The formulation looks somewhat curious, but as we shall see in a
later paper [I1]. it is sharp in some sense.

We hope that the results of this paper are of self-contained interest. On the
other hand. in [I1] we intend to apply the results of this paper to the theory
of the spaces F) , of Hardy-Sobolev type that has been developed in [9].
Occasionally in [9] there are some awkward, unnatural looking restrictions
for s if p <2 1. With the help of the theorems proved in the present paper
(in particular Theorem 3) these restrictions can be removed and replaced by
natural conditions. Among other things, we shall be concerned in [I11] with
equivalent quasi-norms in F, , in the sense of [10].

2. CompLEX INTERPOLATION OF L,*(/,)

The n-dimensional real Euclidean space and its points are denoted by R,
and v = (xy,.... x,,), respectively. S is the Schwartz space of all rapidly
decreasing infinitely differentiable complex-valued functions on R, , and S’
is the space of all complex-valued tempered distributions. (Because the
dimension # is fixed once for all we omit R, and simply write S instead of
S(R,), etc.) Fis the Fourier transform on .S’, and F-! is the inverse Fourier
transform. We recall the famous Paley-Wiener-Schwartz theorem, which
states that f= S’ is an entire analytic function of exponential type if Ff has a
compact support. If

D, ={x| x' <24, k=0,1,2,., n
and if 0 < p << oc and 0 <C ¢ <C =, then

LAY =/ = i fye S supp Fi C Dy forh -~ 0.1.2....

£t = ([ Z St )< o

If supp Ff,, C D, in the definition of L, (/) is replaced by supp Ff,, C D,., .
where again k& = 0, 1, 2,..., then the corresponding space is denoted by
L2(1,) (the number 2 indicates that the balls D,., are doubled in size in
comparison with D).

If 0 <py<<oo, 0<p <<, 0<gy< o, and 0 < ¢, << >, then
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F(L5M, ). 131,))) denotes the space of all systems f = {fi(x, 2)}i_, of
functions with the following properties:

(iy Ifk —=0,1,2,..., then fi(x, z) is defined for x € R, and complex =
with 0 < Rez < 1. It is a bounded and continuous funtcion in R, >
{7 0K Rez < 1. If xe R, is fixed, then f,(x, z) is analytic in 0 << Re z <C I.

(i) If - with 0 << Re = <C | is fixed, then f(x, 2) is an entire analytic
function and

supp(£f)(¢.2)C D, . k=20.12,.. 3)
(i) If - L, (/)] has the same meaning as in (2), then
11 (L5 g)s LU

= max sup i{f;(’ {— it)};c:O Ly,(lal) < 0. 4)

1=0,1 ¢=R;

The set of all systems f = { fi(x, 2)}i_, satisfying only the above properties
{i) and (ii) is denoted by M2

Remark 1. This is the counterpart of the well-known construction
introduced by Calderdn in [2] in the case of Banach spaces. A description
may also be found in [8. p. 56].

ProrosiTioN 1. (1) If0 <p < candQ < g < oo then L,A(l,) equipped
with the quasi-norm (2) is a quasi-Banach space (Banach space if 1 < p and
L < g)

(i) Equation (4) is a quasi-norm. F(sz;’(lqo), Lz,,’:(/ql)) equipped with this
quasi-norm is a quasi-Banach space (Banach space if py . p,, g, . and q, are
larger than or equal to 1).

Proof. Step 1. We prove (ii). All the required properties are clear with the
exception of (x) If “f F(L3A( ), L3(4,)) = O, then fi(x,z) =0 for k =

0. 1,2.... and (B) F(LY(1,), L3(},))) is complete. [n order to prove () we
recall the well-known formula

log . fi(x.2) < 'ﬁ 7 log filx.ir) po(Re z. t) dt

()]
+ [ Tog! filx, 1= i) py(Re 2. 1) dt.

Here e R,.0 < Rez<land k =0,1, 2......

’
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Furthermore, u,(8, 1) and u,(0.t) are positive kernels with

! ’ a8, 1) dt == 1, (6

g ] m@nd g [

cf., e.g., [8, pp. 65, 67). After multiplication of (5) with 0 -~ r - . it
follows in the same way as in [8, p. 67] that

] . § . 1
S | 1A it (. t)dr)

-A

JACETE

p (% ‘ fle. U )" py(B. 1) dt ) (7y

with 8 = Re -. Now, (x) is a consequence of (7). (The number r will be
useful later on.) We prove the completeness of F(L3(/, ). L34l ). IF f ==

L fi™(x, 2} ile » Where m = 1, 2,... is a fundamental sequence in F(L";,:(/,,o).
L), then fm(-.z), with z =it or z =1--it, respectively, ¢ real.
converges in the quasi-norm - L”L(I’Iz)! (cf. (2)), where / ~ 0.1, to the

limit element f = { fi{x, 2)}7_, - In order to prove that the definition of f(x, -}
can be extended in a natural way to all = with 0 < Re = =« |. and that the
functions so defined have the required additional properties. we use the
following Plancherel-Polya—Nikol’skij inequality: cf. [7.p. 37]. If & with
k = 0,1, 2.... is fixed, then there exists a constant ¢; such that for all r with
te Ryand all m =- 1, 2.....

. by
sup . f"(x,it) e (] Sty dx) (8)
reRy, R,

A similar result holds for f.”(x. 1 — it), where p, must be replaced by p, .
Here we used (3) essentially. By (7) with f,™ instead of f,, (8) and a limit
argument, it follows that f,(x, z) can be defined in a natural way for all
xe R, and all - with 0 < Rez < 1, and that these functions have the
required additional properties.

Step 2. The proof of (i) follows by standard arguments from a
Plancherel-Polya—-Nikol’skij inequality of type (8).

DerINITION.  If 0 <0 < [, 0 < py, < 00, 0 < p, < o0, 0 - q, < 2.
and 0 < ¢, < o, then [L} (4, ), L3 (/)]s is the set of all systems £ = { fil{x)}3,
of functions for which there exists a system

g = 1 gulx. DN € FILA ). L3
with fi(x) = gi(x, 6) and
supp(Fg. ). ) C D, . k=0,12,... (9)
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Let
AL o)y Lol )eh

=inf, g F(L3(0,), L), (10)

1
where the infimum is taken over all admissible systems g.

Remark 2. This is the counterpart of the usual definition of complex
interpolation in Banach spaces: cf. [2] or [8, p. 58]. If

{8y, 2))izo € F(LY(Lg), L3700,

then the support of (Fg,)(x, 8) (where 8 is a fixed number) is contained in
Dy, by definition; cf. (3). In other words, (9) strengthens this hypothesis.

PROPOSITION 2, [L'f,a(lqo), L‘:,l(lal)]e is a quasi-Banach space. Furthermore,
L) Lo ()]s ™

= inf(sup {g,(, i} L, (L) V=° (sup[{g,(, I i)} L, (L)) (10%)
teR1 teR1
is an equivalent quasi-norm. where the infinum is taken over all admissible
systems g.

Proof. [t follows by an inequality of type (8) and standard arguments that
[L;‘,o(lqo), L’;l(l,,l)],, is a quasi-Banach space. We prove (10*) is an equivalent
quasi-norm. Obviously, the quasi-norm in (10*) can be estimated from above
by the quasi-norm in (10). In order to prove the reversion we replace the
system g = { gi(x, 2)}7, in (10) by {a*~%(x, 2)}7., . where a is a positive
number. By (4) we have

' /.I[L‘:O(IQHL Lﬁl(lql)]e [

<afsup [{gilx, i)} Lo(l,) — a~fsup dgix, 1 +in} L, ().
teR1 teR1L
If one chooses a in an appropriate way (such that the two summands on the
right-hand side are equal), and if afterwards one takes the infimum with
respect to g, then the right-hand side of the last formula can be estimated
from above by the quasi-norm in (10*). Hence, the quasi-norms in (10}
and (10*) are equivalent.

THEOREM |. [f 0 <@ <1l. 0 <p, <o, 0 <p; < ¢, 0 < gy < o0,
0 < g, < o and py/qy = p1/q: - then

[Lolo)s Lo ()]s = L, (1), an
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where
ol =d |
r P I o /o i

(equiralent quasi-norms).

Proof. Step 1. (In this step the additional assumption py'gy, = pi¢; is
not needed.) Let | gu(x, 2)\fy € F(L%N, ). L3/, ) with (9). By (7) with
gdx, 2) instead of fi(x.2) and 0 << r < min( p,, py.qy - §y), it follows by

Hélder's inequality that

tgulx. 00 L (L)

- g,_.(.\‘, 0) T L(p r)(/(a’r))i(l"”

L= p.r

< [’R g [ el il 6. ) i)

l a¥ . ) L8(p'r) (L p)
[ ge(x. |+ iDLk, (. 1) dr q

L (sup {gel-.it)y L, (L) ) sup i {gu(-. 1 — it)i L,(1,)°)
t t

< g FULEL). LB

g Iz
Hence (with topological imbedding)
(L5l La)ly C L,(L). (12)

Step 2. In order to prove the reversion to (12) we may restrict ourselves
to systems f = | fi1¥ , C.S with supp £f,. C D, for & = 0, 1, 2..... where only
a finite number of the functions f; does not vanish identically. This set is
dense in L,4(/,) because the set }i heS.supp FhC D, is dense in

> bon
gH HeS' supp FHC D,-..,H H(v) rdx) - :):::

3

cf. [7.p. 40]. Again k =0, 1, 2,.... Let f be such a system. We introduce
the maximal functions

ey Sl — ) : o
Fr0 r B e et e (13)
cf. [9,2.2.3, formula (6)]. Again & == 0, 1. 2..... Let ¢(x) €S with
p(x) = Lif x' 21 and supp ¢ Ty =20 (14)
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and @i(x) = @(27*x). If z is a complex number with 0 << Re z < | and
J=0,1,2,.., then we put

gi(x, 2) = FqF(fi 1 fi7 PO I Loyl 1), (15)

Here b and d are real numbers which will be chosen later on. ' - | L,(/,)'
has the same meaning as in (2). If £; does not vanish identically, then f F(x) > 0
for all x € R, . Hence, the construction in (15) is correct, and the funtcion
in the brackets ( ) belongs to £, . Hence, (15) can be rewritten as
gily, 2) = {fi7} L(lp)e=® J (Fred(0) flx — 2 f7(x — )20 dy
o (16)
In order to show that the system g = { g;(x. z)}7_, belongs to F(Li,f;(lqo),
L‘.f,;‘:(lql)), we estimate the quasi-norm (4). The other required properties for
the functions g,(x, =) are clear by construction. We have

[l =) <7 =) <ol = 2y 9 £,

where ¢ is a positive number which is independent of x, i, and j. Using
(Fle)( 1) = 2"(F~1¢)(2'y) and the above estimate, (16) then yields

!gj(x’ z) < ¢ {f;: LI.(/,,)::d‘Re:"e’ lf{‘('\-):l--—b(Rez—a)

% ‘ 2 (Flg) () (1 — |27y @)l- bRez=0) gy,
v R,

< ' .:’f;;= L) d(Rez—6) :f;_*(_\.)|1fb(ke:—9». (17)
Here ¢ and ¢’ are independent of ;. We have

1 i 1 [ | | 1 l
—_ = — - — d —— = —-{———). 18
qo q ( o q1 ) an t q ( )( qy ‘{0) (18)

If we choose b = ¢(1/q, — lig,) then
l—b0=-T" and 150 -8 =-1. (19)
o 0
If z = it in (17), where ¢ is a real number, then

P o

\1/gg

(% et i) " < e L o 3 o)

j=0

and

! . Cox \ Dylap\1/Dg
g i Lola)l < e s L ([ (L iarcor) ) - eo
TRyt =0

640/28/4-3
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Similarly one obtains that

\l gj('e 1 — ”):| Lpl(lfn)

»yap

. ¥ 15
e LU (] (Y ) ax) @D
YR, =0 :

We have pyigo = p1ig1 = p/g. If we choose d = —b, then (19) yields

P =P g —6) = 1.
Po 14

So by (20) and (21) we have
| g s FOLE ) L)) < e A5 Lyl (22)

By the maximal inequality proved in [9, 2.2.3, formula (15)], the right-hand
side of (22) can be estimated from above by {f.} " L,(/,) . Therefore

g F(L(l). L) <e [ L), (23)

ny
where ¢ is independent of f. Furthermore,

g(x.0) = fix) if j=0.1.2.... (24)

Hence, (23), (24), Proposition 2, and the above-mentioned density of the
chosen systems f in L ,4(/,) prove the reversion to (12). The proof is now
complete.

Remark 3. On the basis of Peetre’s Littlewood-Paley theorem for Hardy
spaces mentioned in the Introduction, the complex interpolation theorem
for the Hardy spaces proved by Calderon and Torchinsky [3, 11.3] can be
reformulated as follows. If 0 < py < . 0 < p; < =, 0 < 8 < 1, and
I:)p = (1 — 8).p, = 8:p,, then

(L0, L]y = L), (25)

The method in [3] is different (although maximal inequalities are used also).
Perhaps a combination of the above proof and the Calderéon-Torchinsky
method yields a proof of Theorem 1 without the additional restriction
Poiqo = Priqy . Finally we remark that the balls D, in the definition of
L ,4(/,) can be also replaced by some other sets.

Next we want to prove the so-called interpolation property for linear and
bounded mappings. Let T be a linear mapping from S* < §* *< -+ into itself,
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Le, it f =1f17¢C S, then Tf = {(Tf);}7, C S’ is a linear operator. 7 is said
to be of convolution type if

supp F[(Tf);] Csupp Ff;, /=0, 1L 2. (26)

A tyvpical example (which will be of interest later on) is given by

(TH); (v) = FgEfi) = |R (Fre)(x — ») fAr) dv. (27
where ¢; are given appropriate functions. (We assume that the expressions in
(27) are meaningful) If 4 is a subset of $ X S’ x ---. then we shall say
“T is a ..mapping from A into...” instead of the more correct version
“the restriction of 7 to 4 is a ...mapping from 4 into...,” etc. If 7 is a linear
and bounded operator from a Banach space A4 into itself, then ! T ;| has the
usual meaning. The definition of ' T'| works also if 4 is a quasi-Banach space.
In that case ! 7| is a quasi-norm. Finally we say that the above operator T
preserves M24 if Tfe M?4 for any system fe M?34 (the definition of A24
precedes Remark 1). Here z appearing in the definition of M?24 must be
considered as a parameter.

THEOREM 2. Let 0 < py, < 0,0 < p, < 20,0 < gy < %,0 < ¢; < 0,
and pyiqa = pilq. - Let T be an M*4-preserving linear and bounded mapping of
convolution type from L'f,’;(lql) into itself, where | = 0, 1, with the quasi-norm
T If0 < 8 <, then T is a linear and bounded mapping from L A(1) into
itself, where
1 1—6 . 0 I 148 0

-, — —— (28)
P Po P q 0] G

with the quasi-norm i T, which can be estimated by

TI<c!T:0 TY.

1—
(i}
Here ¢ is a positive number which is independent of T.

Proof. If 8 =0 or § = 1, then the assertion of the theorem is obvious
because T is a mapping of convolution type. Let 0 < 8 <2 1. Letf = {fi7, €
LA, and let g = g;(x, z)}7, be a corresponding admissible system in
the sense of Theorem 1 and the above definition. We want to show that
Tg(x, z) = T{g,(-. 0)}7, is an admissible system for 77, in particular

(Ie)x, 6) = Tf. (30)

Here =z with 0 <{ Rez < | is a parameter. The counterparts of (4) and (9)
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follow from the hypotheses. The other required properties are clear because 7’
preserves M2+, Hence, by the above definition

Tre L) L) (31

We now use Proposition 2, If we restrict the infimum in (10*) to the above
system 7g. then

T L0 Lol el ¥
T T Sinf g (LG (), L3 |
S Lo Lola)la
Theorem 1 and Proposition 2 finally yield the desired assertion.

ExampLE. 7 must satisfy two additional conditions: it must preserve
M2+ and be a mapping of convolution type. Let 7 be given by (27), where we
may restrict ourselves to systems f = { .17, C S’ satisfying (3). In that case
it is easy to see that 7 preserves M?4, and is a mapping of convolution type
if Flg,e L, forj =0, 1. 2,... . We recall the well-known fact that ¢, € W',
with « > n;2 implies Fl¢; € L, ; cf., e.g.. [7, p. 60]. Here W, is the usual
Sobolev-Slobodeckij (or Bessel-potential) space. Therefore 7T satisfies the
required additional properties if 7 is given by (27) and

g, Wy > nl, where j =0,1,2..... (32)

3. FOURIER MULTIPLIERS FOR L,*(/,)

First we recall two Fourier multiplier theorems.

() Ifl <p < xandl < g < o, then there exists a positive number
¢ such that for all systems | f;}7_, C L, and all systems {¢;};°, one has

i»{F_l[(Pkak]:’ L)
X - 12
e {fit L) sup Rirl=ni U Y (Dg)(€)? d§) :

R>0 WV R2<|6 2R [y
O<ila = I~ 20
Here |- L,(/,); has the same meaning as in (2). This is a theorem of the
Hoérmander type. A proof may be found in [8. pp. 161-165] (in particular
Remark 2 on p. 165). Of course, the only systems of interest are | f;} and i /.
for which the two factors on the right-hand side of (33) are finite. Another
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Fourier multiplier theorem for L (/) with | <p < x and | <g¢q < =
may be found in [5, p. 241]. Obviously, in the theorem below one can replace
the term related to the right-hand side of (33) by the corresponding term in
Lizorkin’s multiplier theorem.

(i) If0 <p < =x,0 < g < wcand k > #n/2 - mymin( p, ¢q) then there
exists a positive number ¢ such that for all systems {f;}i., € L,(/,) and all
systems {g,}i=, of infinitely differentiable functions in R,

!{F_l[(PkF/}c]}l LD([Q)!i
Lo Al Ll sup | ¢, (27 ) Wy -, (34)
l

------

Here W, are the usual Sobolev-Slobodeckij or Bessel-potential spaces.
A proof may be found in [9, 2.2.3].

THEOREM 3. Let | <py << o0, | < gy << 0,0 <py < w, 0 <qg < x,
Poide = P1lgy, and « > nf{2 - njmin(p, q). If 0 < 0 < | and

1 1 —0 0 1 1—6 . 0

P o m 4 o ¢

then there exists a positive number ¢ such that for all systems {fi}i_, € L,A1,)
and all systems {@,}7_q of infinitely differentiable functions in R,

HF e filh Lol
il LIl X (supll g2 1) W1y’

* VW1,2\1-8
X ‘ sup Rixi—ni2 ( f Y (Dg)é)? a’f) ) . (39
R>0 YRS EI<2R 100
0~ < (—[n2]

Proof. We want to apply Theorem 2. First we remark that one can
replace L ,4(/,) in the above multiplier theorem (ii) by L%*(/,). The operator T
has the form (27), in particular (26) is satisfied. The example at the end of
Section 2 is applicable. Now (35) follows from (29), (33). and (34). The proof
is complete.

Remark 4. This theorem is the main goal of the present paper. It looks
a little artificial. However, in a later paper we shall apply this theorem to the
theory of equivalent quasi-norms for the Hardy-Sobolev spaces as it has
been developed in [9, 10]. Then we shall obtain sharp assertions which
show that (35) is also sharp in some sense (for details we refer to [{1]).
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